We show that the Bishop-Phelps-Bollobás theorem holds for all bounded operators from L 1 (μ) into L ∞ [0, 1], where μ is a σ -finite measure.
Introduction
In 1961, Bishop and Phelps [5] proved the celebrated Bishop-Phelps theorem, which shows that for every Banach space X, every element in its dual space X * can be approximated by ones that attain their norms. Since then, this theorem has been extended to linear operators between Banach spaces [7, 11, 13, 14, 16] , and also to nonlinear mappings [1, 4, 2, 8, 12] . On the other hand, Bollobás [6] sharpened it to apply a problem about the numerical range of an operator, now known as Bishop-Phelps-Bollobás theorem. We denote the unit sphere of a Banach space X by S X , the closed unit ball by B X , as usual.
Theorem 1.1 (Bishop-Phelps-Bollobás theorem)
. Suppose x ∈ S X , f ∈ S X * and |f (x) − 1| 2 /2 (0 < < 1 2 ). Then there exist y ∈ S X and g ∈ S X * such that g(y) = 1, f − g < and x − y < + 2 .
Recently, Acosta, Aron, García and Maestre [3] 
there exist a point u 0 ∈ S X and an operator S ∈ S L(X,Y ) that satisfy the following conditions:
This property is a uniform one in nature. Let (Ω, A, μ) be a σ -finite measure space and (I, Σ, m) be the Lebesgue measure space, where I = [0, 1]. Finet and Payá [10] showed that the set of all norm attaining operators is dense in the space L(L 1 (μ), L ∞ (m)). Further, we will show in this paper that the pair (L 1 (μ), L ∞ (m)) has the BPBP.
The result
, where μ ⊗ m denotes the product measure on Ω × I . More precisely, the operator h corresponding to an essentially bounded function h is given by
for m-almost every t ∈ I and for all f ∈ L 1 (μ) (see [9] ).
We recall the Lebesgue density theorem: given a measurable set E ⊂ R, we have m(E δ(E)) = 0, where δ(E) is the set of points y ∈ R of density of E, that is,
and E δ(E) is the symmetric difference of the sets E and δ(E).
In addition, the closed unit ball of L 1 (m) is the closed absolutely convex hull of the set { 
and
and let
As in the proof of Proposition 5 in [15] , H j 's are disjoint measurable subsets of Ω × I and
Then there is y ∈ I such that μ(H y ) > 0. We also note that for each j = 1, . . . , m we have
,
We first claim thatχ M +φ attains its norm at g y for every y with μ(H y ) > 0. Fix such y and let B n = [y − γ n , y + γ n ], where (γ n ) is a sequence of positive numbers converging to 0. Note that for every x ∈ H y j we have (x, y) ∈ H j , which implies that
The Lebesgue dominated convergence and Fubini theorems show that for each j ∈ J (y)
On the other hand, since the simple function ϕ is assumed to vanish on M and also ϕ ∞ 1, we have
Therefore,
which shows thatχ M +φ attains its norm at g y .
Next we claim that there exists y ∈ δ(B) such that μ(H y ) > 0 and
For each j = 1, . . . , m we set B We note that for each j = 1, . . . , m
which implies that
It follows from this inequality that m(B 0 ) < m(B). For y ∈ δ(B) \ B 0 ,
.
Assume that there is no y ∈ δ(B) \ B 0 such that
It follows from the inequalities (1)- (3) that
, We recall that the set of simple functions is a dense subspace of L ∞ (μ ⊗ m).
Theorem 2.3. For the complex Banach spaces
Proof. Since the set of all simple functions is dense in L 1 (μ), we may assume
where each A j is a measurable subset of Ω with finite positive measure, A k ∩ A l = ∅, k = l, and every α j is a nonzero complex number with m j =1 |α j | = 1. We may also assume that 0 < α j 1 for every j = 1, . . . , m. Indeed, define Ψ :
where θ j = arg(α j ) for every j = 1, . . . , m. The operator Ψ is an isometric isomorphism of
hence we may replace T and f 0 by Let B be a Lebesgue measurable subset of I with 0 < m(B) < ∞ such that
Choose θ ∈ R so that
By Lemma 2.2 we have
We define
Then we can see f 1 1 = 1,
On the other hand, for each j ∈ J
where
)) μ(A j )m(B) .
We define we conclude
Let us observe that for the real Banach spaces L 1 (μ) and L ∞ (m) better estimates could be obtained by inspecting the above proof. 
